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1 Reminder
Last lecture we discussed HMMs (Hidden Markov Models):
P[X:y... Xy Hy ... Hy] =Po [Ho] - [[P[Higa|Hi] - [[P[X:] Hi]

We also discussed likelihood, with the probability of a chain being

PIXy...Xn] =) Fnls|

=> By[s]P1[s]

P[H; =s|X1...X,] < F;[s] - B; [s]
P[H; = s|H;31 =t| X1 ... X,] x something, we will discuss soon

2 Maximum probability reconstruction

We want to find the most likely Markov Chain

arg max {PHi=hy...H,=hp, X1...X,]}
How do we solve this problem? Dynamic Programming! I'm shocked! We will construct the following expression, to
help us reach a problem solvable with DP:

hmaic {P[lethL:h“Xlxt]}

hi...hij—1

max {H}Lax{[P [Hi=hy...Hi_1=hi—1,X1... X;1] -7 [hi,hia] -7 [xi,hi]}}

= max {IP’ {H1 =hy,...,Hi 1 =h;i_1, Xy ."Xi—1:| <IT}13X{T [hiy hi—q]m [xhhl]})}

Since

PH,...H;, X1...X;] =P[H,...Hi_1, X1 ... X;_1]
]P)[HZ|H1 . ~-H1',—17X1 .. .Xi_l}
P[X1|H“H1 .. ~Hi—1;X1 . ~-Xi—1]

The final solution for the optimum comes out to
Vils] = max{Viy [t] - 7 [s, t] m [i, 5]}

So, the optimal solution, of length i, finishing at the point H; = s, is the optimal solution until H;_; = ¢, of length

i — 1, with the optimum transition between s and t.

Why are we using V7 Due to the name of the algorithm being Viterbi, named after its creator Andwer Viterbi.
Consider if you have a sequence X ... X,, upon which you run Viterbi, and get hi...hy. So, if we consider what

happens at i:

P[Hi:fzi|X1...Xn

What can we say about this?



3 Learning HMMs
Let us consider the full data

hi hy ... hy,
1 T2 ... Tp,y

So, firstly remember that each state is i.i.d. Then the probability of the data:

P [Data] = HIP’hl hn, [m], X1 [m] ... X, [m]]
=11 ol ﬁP ] 1Bt = it [m H]

hm—l
=11 l]P’o [y [m]] T] 7 [hi [m], hiey [m]] - HW [Xi [m], hi [m]]]

=1

Let us define a statistic that counts how many times we had s

NO,S = Z ]]-nl[m]:s
Where

Nt’s = Z Z ]]‘hzi—l[ﬂ’L]:t,h,- [m]=s
= Z Z ]lhi[r]:57X1‘, [r]==
T 7

So:

P [Data] = [ [Pk [m]. .. hn,, [m], X1 [m] ... Xy, [m]

teS sesS seSzeX

Where X is all the observations (ie, all the options that can happen in 7).
We can now also discuss for our MLE:

~ NO; S
Pols] = —/———
D No
t
Nis
7 s, t] = —=
D New
NS x
7 [S, x] = 5%
D Now
y
Let us now consider the case where we have many sequences [X1 [1],..., Xy, [1]], and [X71[2],..., Xy, [2]]. Our

hidden state is now hidden. So

P [Data] & [[P[X: [m] ... X, [m]]

= H Z Z IP [same contents]

m ni hnp,,

So this is hard, because combining together sums and multiplications is difficult. We cannot simply extract the sums
from each other. We also do not know anything about the hidden states, there could be many between every other
state.
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